The cross sections for the processes γν → γγν, γγ → γνν and νν → γγγ are calculated for a range of center of mass energies from below m e to considerably above m e , but much less than m W . This enables us to treat the neutrinoelectron coupling as a four-Fermi interaction and results in amplitudes which are electron box diagrams with three real photons and one virtual photon at their vertices. These calculations extend our previous low-energy effective interaction results to higher energies and enable us to determine where the effective theory is reliable.
I. INTRODUCTION
The 2 → 2 processes γν → γν, γγ → νν and νν → γγ, which have potential astrophysical applications, are known to be highly suppressed due to the vector-axial vector nature of the weak interaction [1] [2] [3] [4] [5] [6] [7] . For massless neutrinos, this suppression is such that the cross sections for the 2 → 3 processes γν → γγν, γγ → ννγ and νν → γγγ exceed the 2 → 2 cross sections for center of mass energies 2ω between 1 keV and 1 MeV [8] . While this range of energies is adequate for many astrophysical applications, there are those, such as supernova dynamics, where the 2 → 3 cross sections at higher energies are needed [9] . The low-energy 2 → 3 cross sections can be calculated from an effective interaction [8] , but these results become unreliable for energies on the order of m e . Our purpose here is to compute these cross sections using the complete one-loop electron box amplitudes.
In the next Section, we discuss the relation between the low-energy description of γν → γγν and its crossed channels based on the effective interaction and the more exact numerical treatment of the full amplitude. This is followed by a discussion of the numerical results and their possible applications. The Appendix contains an expression for the photon-photon scattering scalar four-point function in the case when one of the photons is virtual.
II. 2 → 3 PROCESSES AND VIRTUAL PHOTON-PHOTON SCATTERING
The 2 → 3 process γν → γγν and its crossed channels can be calculated using the diagrams illustrated in Fig. 1 . When the center of mass energy is small compared to m W , the W and Z propagators can be replaced by m
Z . In this case, the diagrams reduce to those for photon-photon scattering with one photon polarization vector replaced by the neutrino currentū(p 2 )γ µ (1 + γ 5 )u(p 1 ) or its crossed channel counterparts. This reduction is illustrated in Fig. 2 for the various channels.
For low-energy scattering, it is possible to describe all 2 → 3 processes using the effective local interaction [8] 
where N µν is
Here, a = 1 2 +2 sin 2 θ W includes both the W and Z contributions. The dimension 10 operator L eff is closely related to the Euler-Heisenberg Lagrangian for photon-photon scattering [10] and gives the leading term of an expansion in ω/m e . The resulting low-energy cross section,
exhibits a characteristic ω 10 behavior for ω < m e . The numerical factors N (2 → 3) are
When the center of mass energy exceeds 2m e , the box diagram develops an imaginary part and it is no longer possible to obtain a reliable estimate of the amplitude by expanding in inverse powers of m e . As long as the center of mass energy is small compared to m W , it is still possible to calculate the amplitude using the electron box diagrams of Fig. 2 by treating the neutrino current as a virtual photon. For the channels γγ → ννγ (b) and νν → γγγ (c), the virtual photon is timelike, while the virtual photon in the channel γν → γγν (a) is spacelike. In all cases, the diagrams can be expressed in terms of scalar two-point, three-point, and four-point functions and scalar products of external momenta, photon polarization vectors and the neutrino current [11] . The scalar functions, which are expressible in terms of dilogarithms [12] , were evaluated numerically using a FORTRAN code developed for one-loop corrections [13] .
III. DISCUSSION AND CONCLUSIONS
The exact cross sections for all 2 → 3 channels as a function of the center of mass energy of one of the initial particles are shown in Figs. 3-5, together with the low-energy approximation, Eq. (3). In the γγ → ννγ and νν → γγγ cases, where the virtual photon is timelike, the low-energy result is valid up to energies ∼ .3 − .4m e . The deviation for a few higher energies is shown in Table I . The ratio of the exact cross section to that given in Eq. (3) becomes unity at ω = 2.1m e and 1.8m e for the νν and γγ channels, respectively. Below these crossover points the ratio for these channels is always larger than unity. Consequently, the effective interaction can be used up to these energies to set lower bounds on physical effects.
For the remaining channel, γν → γγν, where the virtual photon is spacelike, the agreement between the low-energy approximation and the complete calculation is good for energies as large as m e . The reason for this difference is related to the behavior of the amplitudes as the center of mass energy of the each initial particle approaches m e . For the timelike cases, which, in the context of virtual (γ ⋆ ) photon-photon scattering, correspond to γγ → γγ ⋆ and γ ⋆ → γγγ, ω → m e is precisely the threshold for eē production. This is the source of the cusp at ω = m e in Figs. 4 and 5, which is preceded by a departure from the low-energy ω 10 behavior. In the spacelike case (γγ ⋆ → γγ), the threshold for eē production requires
where E ν is the energy of the initial neutrino and E ′ ν is the energy of the final neutrino. When E ν → m e , E ′ ν → 0, and there is essentially no phase space for this. Thus, the development of an imaginary part for γν → γγν occurs for energies E ν > m e and the ω 10 behavior persists to a higher value of ω. In this case, ratio of the exact cross section to Eq. (3) is less than unity below ω = 1.03m e , grows to 1.71 at ω = 1.30m e and again becomes unity at ω = 1.70m e .
The other feature of Figs. 3-5 is the onset of an ω 2 behavior once ω > ∼ 50m e . This is expected since if ω >> m e , the only scale is m W or, equivalently, G F and hence the cross section should behave as G −49 cm 2 , σ νν→γγγ = 4.13×10 −49 cm 2 , and σ γν→γγν = 1.74×10 −48 cm 2 at ω = 100m e , allow accurate extrapolation to all higher energies much less than ω = m W .
As in the low-energy case [8] , the final photons in the γν → γγν channel acquire circular polarization, which is characteristic of a parity violating interaction. The magnitude of this effect is illustrated in Fig. 6 , where the difference between the positive and negative helicity cross sections for one of the final photons is plotted relative to the total cross section. There is a reasonably large polarization, ∼20-30%, for center of mass energies < 100 m e .
In addition to the total cross sections, we have investigated the energy and angular distribution of the final neutrino in the process γν → γγν. The distribution dσ/dE ν is shown in Figs. 7 and 8 for a variety of center of mass energies ω of the incident photon. In all cases, the distribution of final neutrino energies rises until the inequality Eq. (5) is no longer satisfied, at which point it rapidly drops. The evolution of the angular distribution dσ/dz, where z is the cosine of the neutrino scattering angle, is shown in Figs. 9 and 10 . At ω = m e , the distribution is peaked in the backward direction and this gradually changes into a sharply forward peaked distribution at ω = 100m e .
The processes described here could affect supernovas at several stages of the explosion. Work toward including these reactions in a supernova code is in progress. In addition, the scattering from infrared and optical backgrounds given by these processes could attenuate travel of high energy photons and neutrinos over cosmological distances. The cross sections are too small for significant scattering from cosmic backgrounds.
Finally, it has been noted that the effective interaction, Eq. (1), with one of the photons replaced by an external magnetic field could give enhanced stellar cooling in stars with strong magnetic fields [14] . A more exact calculation, along the lines of this paper, is under consideration. (1, 2, 3, 4) with a common internal mass m, massless external particles k 1 , k 2 , k 3 , an external particle with k 
If we introduce the variables P X4, P X5 and P X6 as [11] P X4 = k
and define P X7 as P X7 = P X4 − P X5 − P X6, we can write
In this form, it is clear that, barring cancelations, D 0 (1, 2, 3, 4) has an imaginary part whenever one or more of the P Xi's satisfies P Xi < −4m 2 , i = 4, 5, 6. For the standard decomposition, we define the roots of the polynomials in the logarithms as
and the roots of the denominator as
In terms of these roots, we have 
